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Abstract-we
are concerned with the discrete right-focal boundary value problem A3z(t) = f(t, z(t + l)), z(ti) = Az(tz) = A2z(ts) = 0, and the eigenvalue problem A3z(t) = Xa(t)f(z(t + 1)) with the same boundary conditions, where tl < t2 < t3. Under various assumptions on f, a, and X, we prove the existence of positive solutions of both problems by applying a fixed-point theorem.
INTRODUCTION
In this paper, we are concerned with the existence of positive solutions to the discrete third-order three-point eigenvalue problem A3z(t) = Xa(t)f(z(t + l)), for all t E [tl, t3 -11,
x(tt) = Az(tz) = A2z(t3) = 0, (1) and the boundary value problem A"+) = f(t, x(t + l)), for all t E [tl,t3 -11, (2) s(tl) = Az(tz) = A2z(t3) = 0, 
where tl < t2 < t3 are distinct integers. The corresponding Green's function for the homogeneous problem A3x(t) = 0 satisfying the boundary conditions (5) is given [13] by
Recall the so-called discrete factorial notation t(j) := t(t -1) . . . (t -j + 1).
REMARK.
By [13] , if t2 -tl -1 > t3 -t2, G(tz,s) L G(t,s) > 0, for t E (tl, ts + 21, s E [tr, t3 -11. Thus, throughout this paper, we assume that t2 -t1 -1 > t3 -t2.
Furthermore, we have the following assumptions. (i) tr I t 5 sfl 5 t2. Here G(t, s) = (1/2)(t-t,)(2s-t-tl+3), G(tz, s) = (1/2)(s-tl+2)(2). For these t, s, we have (s -t1 + 2)(2) I s -t1 + 2 2 2s -t _ t1 + 3, 
consequently, the employment of w as in (11) 
where g is given in (10). Let h E (0, t3 -t2 -1) be chosen such that 
there exists at least one solution of (d),(5) in P.
PROOF. Let X be as in (14) and let E > 0 be such that 
Since X(Z) is a solution of (4),(5) if and only if t3-1
we define the operator T : P + B by ts-1
We seek a fixed-point of T in P by establishing the hypotheses of Theorem 1. First, if x E P, then by (9) we have where the penultimate line follows from the left side of (15). Hence, we have shown that IIWI 2 II4I~ xEPflxl2.
An application of Theorem 1 validates the conclusion of the theorem. there exists at least one solution of (4),(5) in P.
PROOF. Let X be as in (18) and let 7 > 0 be such that
s=tz-h Let T be the completely continuous, cone-preserving operator defined in (16). We seek a fixedpoint of T in P by establishing the hypotheses of Theorem 1.
First, consider fe. There exists an Hi > 0 such that f(z) 5 (fo -7)~ for 0 < 3: 5 Hi by the definition of fo. Pick 2 E P with jlzll = Hi. F or s E [tz -h, t2 + h], where h is as in (12) and u(h) as in (13), we have 5(s + 1) > g(s + 1)11zq = g(s + 1)Hl 2 g(t2 + h + 1)Hl = u(h)H1. W)
Using the left side of (19) and (20) Once again an application of Theorem 1 validates the conclusion of the theorem. I
EXISTENCE OF ONE POSITIVE SOLUTION
In the remaining sections, we are concerned with proving the existence of positive solutions of the discrete third-order three-point right-focal boundary value Now consider (25); we wish to show that (Cl) is satisfied. To that end, consider the two cases:
is unbounded. To understand the way in which an arbitrary number of positive solutions are obtained, we state an existence result for at least three positive solutions. THEOREM 7. (See [15].) Suppose Condition (C3) ( or, respectively, Condition (Cd)), is satisfied, and suppose there exist 0 < pl < p2 such that (Cl) h o Id s with respect to p = p2 (respectively, with respect to p = pl), and (C2) holds with respect to q = pl (respectively, with respect to q = ~2). Then, the boundary value problem (2),(3) has at least three positive solutions, x1, 52, and 23, satisfying 0 < IIx111 < PI < IIx211 < ~2 < 11~311.
We now state sufficient conditions under which there are n positive solutions of (2),(3) for any n E N; the theorems are in terms of whether n is odd or even. THEOREM 8. (See (151.) Pick any j E N, and set n = 2j + 1. Suppose Condition (C3) (or, respectively Condition (C4)) is satisfied, and suppose there exist 0 < pl < ... < p,-1 such that (C2) (respectively, (Cl)) h o Id s with respect to pzi-1, 1 5 i < j, and (Cl) (respectively, (C2)) holds with respect to psi, 1 5 i 5 j. Then, the boundary value problem (2),(3) has at least n positive solutionsxl, x2,. . . , xn satisfying0 < llx~ll <PI < llx2II < p2 < a*. < llxn-~ll <h-l < Ilxnll.
THEOREM 9. (See (151.) For any j E N, set n = 2j. Suppose (26) (or, respectively, (27)) is satisfied, and suppose there exist 0 < pl < . . . < p,-1 such that (Cl) (respectively, (C2)) holds with respect to ~~~-1, 1 5 i 5 j, and (C2) holds (respectively (Cl) holds), with respect to pai, 1 5 i 5 j -1. Then, the boundary value problem (2),(3) has at least n positive solutions, Xl, 22,.
. . I 5, satisfying0 < 11x1)1 <pl < IIx211 < pz < ... < IIxn-llt <p,-i < /Ix,I(.
